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OPTIMAL SUPERCONVERGENCE ANALYSIS FOR THE CROUZEIX-RAVIART AND THE
MORLEY ELEMENTS
JUN HU, LIMIN MA, AND RUI MA
Abstract. In this paper, an improved superconvergence analysis is presented for both the Crouzeix-
Raviart element and the Morley element. The main idea of the analysis is to employ a discrete
Helmholtz decomposition of the difference between the canonical interpolation and the finite element
solution for the first order mixed Raviart–Thomas element and the mixed Hellan–Herrmann–Johnson
element, respectively. This in particular allows for proving a full one order superconvergence result
for these two mixed finite elements. Finally, a full one order superconvergence result of both the
Crouzeix-Raviart element and the Morley element follows from their special relations with the first
ordermixed Raviart–Thomas element and themixedHellan–Herrmann–Johnson element respectively.
Keywords. superconvergence, Crouzeix-Raviart element, Morley element, Raviart–Thomas element,
Hellan–Herrmann–Johnson element
AMS subject classifications. 65N30, 73C02.
1. Introduction
The superconvergence of both lower order conforming finite elements and mixed finite ele-
ments is well analyzed for second order elliptic problems, see for instance, [3, 4, 7, 8, 11] and the
references therein. However, for nonconforming elements, the reduced continuity of both trial
and test functions makes the corresponding superconvergence analysis very difficult. So far, most
of superconvergence analysis results for nonconforming elements are focused on rectangular or
nearly parallelogram triangulations, see [15, 19, 23]. There are a few superconvergence results
for nonconforming elements on triangular meshes [14, 18, 21]. In [14], a half order superconver-
gence was analyzed for the Crouzeix-Raviart (CR for short hereinafter) element and the Morley
element. The main idea therein is to employ a special relation between the CR element and the
Raviart–Thomas (RT for short hereinafter) element, and the equivalence between the Morley el-
ement and the Hellan–Herrmann–Johnson (HHJ for short hereinafter) element to explore some
conformity of discrete stresses by these two nonconforming elements. However, a full one order
superconvergence was observed in the numerical tests [14]. Such a gap is caused by a half order
superconvergence result for both the RT element [3] and the HHJ element [14], which is a half
order lower than the optimal superconvergence indicated by numerical tests. It is stressed that the
superconvergence analysis of the first order RT element in [3] was heavily dependent on a result
of Sobolev spaces and directly used it to estimate one key sum of boundary terms. Since a counter
example [20] shows that this result of Sobolev spaces can not be improved, it is indeed difficult
The authors were supported by NSFC projects 11625101, 91430213 and 11421101.
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to refine the former superconvergence result within the analysis of [3]. In [18], the superconver-
gence analysis of [2] for the conforming linear element was extended to the mixed finite element,
which proved a full one order superconvergence result for the first order RT element method of
the Poisson problem under the condition that the solution of the problem is in H4+ǫ(Ω,R) for any
ǫ > 0.
In this paper, a new analysis for the aforementioned boundary terms is presented, which leads
to a full one order superconvergence result for both the RT element and the HHJ element and
improves the corresponding half order superconvergence result in [3] and [14], respectively. The
main ingredient of such a superconvergence analysis is to employ a discrete Helmholtz decom-
position of the difference between the canonical interpolation and the finite element solution of
the corresponding mixed element. In particular, it allows for some vital cancellation between the
boundary terms sharing a common vertex in one key sum. Then, the final improved superconver-
gence result follows from the analysis in [14] for both the CR element of the Poisson problem and
for the Morley element of the plate bending model problem.
The remaining paper is organized as follows. Some notations are presented in Section 2. In
Section 3, a full one order superconvergence result for both the RT element and the CR element is
proved. In Section 4, a full one order superconvergence result for both the HHJ element and the
Morley element is shown. Some numerical tests are presented to verify the theoretical results in
Section 5.
2. Notations
Given a nonnegative integer k and a bounded domain Ω ⊂ R2 with Lipschitz boundary ∂Ω,
let Wk,∞(Ω,R), Hk(Ω,R), | · |k,∞,Ω, ‖ · ‖k,Ω and | · |k,Ω denote the usual Sobolev spaces, norm, and
semi-norm, respectively. And H10(Ω,R) := {u ∈ H1(Ω,R) : u|∂Ω = 0}. Denote the standard L2(Ω,R)
inner product by (·, ·).
Suppose that Ω ⊂ R2 is a bounded polygonal domain covered exactly by a shape-regular
partition Th into triangles. Let |K| denote the area of element K and |e| the length of edge e. Let hK
denote the diameter of element K ∈ Th and h := maxK∈Th hK. Denote the set of all interior edges
and boundary edges of Th by Eih and Ebh, respectively, and Eh = Eih ∪ Ebh. For any interior edge
e = K1e ∩ K2e , denote the element with larger global label by K1e , the one with smaller global label
by K2e . Denote the corresponding unit normal vector which points from K
1
e to K
2
e by ne. Let [·] be
jumps of piecewise functions over edge e, namely
[v]|e := v|K1e − v|K2e
for any piecewise function v. For K ⊂ R2, r ∈ Z+, let Pr(K,R) be the space of all polynomials
of degree not greater than r on K. Denote the piecewise gradient operator and the piecewise
hessian operator by ∇h and ∇2h, respectively. For any piecewise function vh, denote ‖vh‖0,∞,h =
maxK∈Th ‖vh‖0,∞,K.
Throughout this paper, the superconvergence results require triangulations to be uniform,which
means that any two adjacent triangles of Th form a parallelogram.
For any triangle K ∈ Th, from the three outer unit normal vectors, denote the two which are
closest to orthogonal by f1 and f2. This procedure is in general not unique, however, only the
directions of vectors are focused, thus there will be no restriction.
For each i = 1, 2, denote a parallelogram, which consists of two triangles sharing a edge with
normal fi, by Nfi . We partition the domain Ω into those parallelograms Nfi and some resulted
boundary triangles Kfi . In an element K, denote the edge with unit normal vector fi by efi , the
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length of efi by hfi , and the unit tangent vector of efi with counterclockwise by tfi . We denote the
two endpoints of the edge efi by p
1
fi
and p2fi , and p
1
fi
p2fi = hfitfi . Define
Pb :=
{
p ∈ ∂Ω : p is a vertex of Kfi
}
.
Decompose the setPb into two partsPb = P1b∪P2b , whereP1b is the set of corners of the domain, and
P2b refers to the remaining vertices. For any vertex p ∈ P1b, denote the unique boundary triangle
Kfi by Kp, and for any vertex p ∈ P2b , denote the two boundary triangles Kfi sharing p by Klp and
Krp, and
Krp = {x + hfitfi : x ∈ Klp}.
For any p ∈ P2b, let ωp denote the trapezoid which consists of three elements and p is a midpoint
of its edge, see Figure 1. Let |P1b| = κ denote the number of the vertices in P1b. It is known that κ
is a fixed number independent of h. Figure 1 shows an example of the definitions and notations
concerning a triangulation.
ωp
hf1tf1
hf2tf2
p1f1 p
2
f1
Kf1 Kf1 Kf1 Kf1 Kf1 Kf1 Kf1
Nf1 Nf2
f1
f2
p ∈ P2b p ∈ P1b
KpKlp K
r
p
Figure 1. An uniform triangulation ofΩ.
Throughout the paper, a positive constant independent of the mesh size is denoted by C, which
refers to different values at different places. For ease of presentation, we shall use the symbolA . B
to denote that A ≤ CB.
3. Superconvergence for the RT element and the CR element
In this section, we first improve the superconvergence result for the RT element from a half
order by Brandts [3] to a full one order. Then, based on this result, we derive a full one order
superconvergence result for the CR element, which improves the half order result in [14].
3.1. Second order elliptic problem. Given f ∈ L2(Ω,R), consider a model problem: Seek u ∈
H10(Ω,R) such that
(∇u,∇v) = ( f , v) for any v ∈ H10(Ω,R).(3.1)
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By introducing an auxiliary variable σ := ∇u, the problem can be formulated as the following
equivalent mixed problem which finds (σ, u) ∈ H(div,Ω,R2) × L2(Ω,R) such that:
(3.2)
(σ, τ) + (u,divτ) = 0 for any τ ∈ H(div,Ω,R2),
(v,divσ) = (− f , v) for any v ∈ L2(Ω,R),
with
H(div,Ω,R2) := {τ ∈ L2(Ω,R2), divτ ∈ L2(Ω,R)}.
The corresponding finite element approximation to (3.1) seeks uCR ∈ CR0(Th), such that
(∇huCR,∇hvh) = ( f , vh) for any vh ∈ CR0(Th),(3.3)
with the CR element spaces [9] over Th
CR(Th) :=
{
v ∈ L2(Ω,R) : v|K ∈ P1(K) for any K ∈ Th,
∫
e
[v] ds = 0 for any e ∈ Eih
}
,
CR0(Th) :=
{
v ∈ CR(Th) :
∫
e
v ds = 0 for any e ∈ Ebh
}
.
To analyze the superconvergence of the CR element, we introduce the first order RT element
[25]. Its shape function space is
RTK := (P0(K))
2
+ xP0(K) for any K ∈ Th.
The corresponding global finite element space reads
RT(Th) :=
{
τ ∈ H(div,Ω,R2) : τ|K ∈ RTK for any K ∈ Th
}
.
We use the piecewise constant space to approximate the displacement, namely,
URT(Th) :=
{
v ∈ L2(Ω,R) : v|K ∈ P0(K) for any K ∈ Th
}
.
The corresponding RT element method to (3.2) seeks (σRT, uRT) ∈ RT(Th) ×URT(Th) such that
(3.4)
(σRT, τh) − (uRT,divτh) = 0 for any τh ∈ RT(Th),
(vh,divσRT) = ( f , vh) for any vh ∈ URT(Th).
According to [5], the discrete system (3.4) has an unique solution (σRT, uRT) ∈ RT(Th) ×URT(Th).
Meanwhile, the following optimal error estimates hold with detailed proofs referring to [10]
‖ σ − σRT ‖0,Ω . h|σ|1,Ω,
‖ div(σ − σRT) ‖0,Ω . h|σ|2,Ω,
provided that σ ∈ H2(Ω,R2).
3.2. Superconvergence of the RT element. We first introduce the Fortin interpolation operator
ΠRT, which is widely used in error analysis, such as [10, 12]. Define ΠRT : H
1(Ω,R2) → RT(Th) as∫
e
(ΠRTτ − τ)Tne ds = 0 for any e ∈ Eh, τ ∈ H1(Ω,R2).
It is proved in [25] that for any τ ∈ H1(Ω,R2),
(3.5) (div(τ −ΠRTτ), vh) = 0 for any vh ∈ URT(Th),
‖ τ −ΠRTτ ‖0,Ω. h|τ|1,Ω.
It follows from (3.4) and (3.5) that
divσRT = divΠRTσ.
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Therefore, σRT −ΠRTσ ∈ RT(Th) is divergence free, and is a piecewise constant vector field. Hence,
a substitution of τh = σRT −ΠRTσ into (3.2) and (3.4) yields
(σ, σRT −ΠRTσ) = (σRT, σRT −ΠRTσ).(3.6)
We need the following result from [3] on Sobolev spaces. Denote the subset of the points in Ω
having distance less than h from the boundary by ∂hΩ:
∂hΩ := {x ∈ Ω : ∃y ∈ ∂Ω such that dist(x, y) ≤ h}.
Lemma 3.1. For v ∈ Hs(Ω,R), where 0 ≤ s ≤ 12 ,
‖ v ‖0,∂hΩ. hs ‖ v ‖s,Ω .
We recall the following discrete Helmholtz decomposition and refer to [4] for more details.
Lemma 3.2. For any function τh ∈ RT(Th) which satisfies div τh = 0,
τh ∈ curlSh,
with Sh := {v ∈ H1(Ω,R) : v|K ∈ P1(K,R) for any K ∈ Th}.
Assume that the triangulation Th is uniform. Suppose that the solution of (3.2) satisfies σ ∈
H
5
2 (Ω,R2). Define a matrix F, whose transportation has the two unit normal vectors f1 and f2 as
columns. Denote the canonical basis vectors of R2 in respectively the x1- and x2-direction by e1
and e2. By (3.6),
‖ σRT −ΠRTσ ‖20,Ω =
(
F(σRT −ΠRTσ), F−T(σ −ΠRTσ)
)
=
∑
K∈Th
∫
K
(
F(σRT −ΠRTσ)
)T
F−T
(
σ −ΠRTσ
)
dx
=
2∑
i, j=1
Ii j,
where
Ii j =
∑
K∈Th
∫
K
eTi F(σRT −ΠRTσ)(eTi F−Te j)(σ −ΠRTσ)Te j dx.
For simplicity, only the sum I11 is considered here. Let Ω be partitioned into parallelograms Nf1
and the remaining boundary triangles Kf1 . Since σRT −ΠRTσ is piecewise constant, the sum I11 can
be written as a sum over parallelograms Nf1 and boundary triangles Kf1 :
|I11| ≤ |I111| + |I211|,(3.7)
where
I111 = (e
T
1F
−Te1)
∑
Nf1
∫
Nf1
eT1F(σRT −ΠRTσ)(σ −ΠRTσ)Te1 dx,
(3.8) I211 = (e
T
1F
−Te1)
∑
Kf1
eT1F(σRT −ΠRTσ)
∫
Kf1
(σ −ΠRTσ)Te1 dx.
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Note that eT1F(σRT −ΠRTσ) = (σRT −ΠRTσ)Tf1 is the normal component of σRT −ΠRTσ to the shared
edge of the two triangles forming a parallelogram Nf1 . Thus, e
T
1F(σRT − ΠRTσ) is constant on Nf1 ,
and therefore, leads to the following superconvergence property [3]:
|I111| . h2 ‖ σRT −ΠRTσ ‖0,Ω |σ|2,Ω.(3.9)
For the sum I211 of boundary terms, the analysis in [3] showed
|I211| . h3/2 ‖ σ −ΠRTσ ‖0,Ω |σ| 3
2 ,Ω
.(3.10)
The estimate (3.10) is resulted from a direct application of Lemma 3.1. Since the estimate in Lemma
3.1 can not be improved as shown by a counter example in [20], it is very difficult to improve the
factor in (3.10) from h3/2 to h2 following that analysis.
A new analysis for a full one order superconvergence result of the RT element is provided in the
following. The main idea here is to employ a discrete Helmholtz decomposition of σRT −ΠRTσ. As
a result, it allows for some vital cancellation between the boundary terms in I211 sharing a common
vertex. To this end, we need the following result for the interpolation operatorΠRT.
Lemma 3.3. For any p ∈ P2b, Klp, Krp ∈ Kfi , i = 1, 2, if τ is linear on the patch ωp, then∫
Klp
(τ −ΠRTτ) dx =
∫
Krp
(τ −ΠRTτ) dx.
Proof. Denote the centroid, the vertices and the edges of element Klp byMKlp , {pli}3i=1 and {eli}3i=1, and
those of element Krp byMKrp , {pri }3i=1 and {eri }3i=1. For edge eli, denote the midpoint, the unit outward
normal vector and the perpendicular height by mli, n
l
i and d
l
i, respectively. And denote those of
edge eri by m
r
i , n
r
i and d
r
i , respectively. The basis functions of the RT element on elements K
l
p and
Krp are denoted by φ
l
i =
1
dli
(x − pli) and φri = 1dri (x − p
r
i ), 1 ≤ i ≤ 3, respectively.
Since τ is linear on the patch ωp, τ(x) = τ(p) + ∇τ · (x − p). Thus,
τ(x) −ΠRTτ(x) = (I −ΠRT)
(∇τ · (x − p)).
The fact that ∫
Klp
(I −ΠRT)
(∇τ · (MKlp − p)) dx = 0 and
∫
Klp
∇τ · (x −MKlp) dx = 0
leads to ∫
Klp
(
τ(x) −ΠRTτ(x)
)
dx = −
∫
Klp
ΠRT
(∇τ · (x −MKlp)) dx.(3.11)
Note that ∇τ|Klp = ∇τ|Krp , nli = nri andmli −MKlp = mri −MKrp . Thus
(∇τ · (mli −MKlp))Tnli = (∇τ · (mri −MKrp ))Tnri .
Since
∫
Klp
φli dx =
∫
Krp
φri dx, this and (3.11) lead to∫
Klp
(τ −ΠRTτ) dx =
∫
Krp
(τ −ΠRTτ) dx,
which completes the proof. 
Employing the discrete Helmholtz decomposition, we can improve the estimate of the term I11
of [3] in the following lemma.
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Lemma 3.4. Suppose that (σ, u) denotes the solution to (3.2) with σ ∈ H 52 (Ω,R2), (σRT, uRT) denotes the
solution to (3.4) on a uniform triangulation Th. It holds that
|I11| . h2(|σ| 5
2 ,Ω
+ κ| ln h|1/2|σ|1,∞,Ω) ‖ σRT −ΠRTσ ‖0,Ω .
Proof. By Lemma 3.2, there exists wh ∈ P1 such that
σRT −ΠRTσ = curlwh ∈
(
URT(Th)
)2
.
Then, the term I211 in (3.8) reads
I211 = (e
T
1F
−Te1)
∑
Kf1
eT1Fcurlwh
∫
Kf1
(σ −ΠRTσ)Te1 dx.(3.12)
Since
(3.13) eT1Fcurlwh =
1
hf1
∫
ef1
∇wh · tf1 ds =
wh(p
2
f1
) − wh(p1f1)
hf1
,
a substitution of (3.13) into (3.12) leads to
|I211| .
∣∣ ∑
p∈P2
b
wh(p)
hf1
( ∫
Klp
(σ −ΠRTσ)Te1 dx −
∫
Krp
(σ −ΠRTσ)Te1 dx
)∣∣
+
∑
p∈P1
b
∣∣wh(p)
hf1
∫
Kp
(σ −ΠRTσ)Te1 dx
∣∣.(3.14)
Lemma 3.3 and the Bramble-Hilbert lemma show∣∣ ∫
Klp
(σ −ΠRTσ)Te1 dx −
∫
Krp
(σ −ΠRTσ)Te1 dx
∣∣ . h3|σ|2,ωp .(3.15)
A substitution of (3.15) and the Cauchy-Schwarz inequality into (3.14) yields
|I211| .h
(∑
p∈P2
b
‖ wh ‖20,ωp
)1/2(∑
p∈P2
b
|σ|22,ωp
)1/2
+ h2
(∑
p∈P1
b
‖ wh ‖20,∞,Kp
)1/2(∑
p∈P1
b
|σ|21,∞,Kp
)1/2
.h ‖ wh ‖0,∂hΩ |σ|2,∂hΩ + κh2|σ|1,∞,Ω ‖ wh ‖0,∞,h .
Lemma 3.1 implies that
h ‖ wh ‖0,∂hΩ |σ|2,∂hΩ . h2 ‖ wh ‖ 12 ,Ω |σ| 52 ,Ω . h
2 ‖ wh ‖1,Ω |σ| 5
2 ,Ω
.
According to [7],
‖ wh ‖0,∞,h. | ln h|1/2 ‖ wh ‖1,Ω .
Then
|I211| . (h2|σ| 5
2 ,Ω
+ κh2| ln h|1/2|σ|1,∞,Ω) ‖ wh ‖1,Ω .(3.16)
A substitution of (3.9) and (3.16) into (3.7) concludes
|I11| . (h2|σ| 5
2 ,Ω
+ κh2| ln h|1/2|σ|1,∞,Ω) ‖ σRT −ΠRTσ ‖0,Ω,
which completes the proof. 
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Similar arguments for the sums I12, I21 and I22 prove a full one order superconvergence property
for the RT element as follows.
Theorem 3.1. Suppose that (σ, u) is the solution to (3.2)with σ ∈ H 52 (Ω,R2), and (σRT, uRT) is the solution
to (3.4) on a uniform triangulation Th. It holds that
‖ σRT −ΠRTσ ‖0,Ω. h2
(|σ| 5
2 ,Ω
+ κ| ln h|1/2|σ|1,∞,Ω
)
.
3.3. Superconvergence of the CR element. A full one order superconvergence result for the CR
element follows from a special relation between the RT element and the CR element.
A post-processing mechanism is employed in [14] for the superconvergence analysis of the CR
element. Given q ∈ RT(Th), define function Khq ∈ CR(Th) × CR(Th) as follows.
Definition 1. 1.For each interior edge e ∈ Eih, the elements K1e and K2e are the pair of elements sharing e.
Then the value of Khq at the midpoint me of e is
Khq(me) =
1
2
(
q|K1e (me) + q|K2e (me)
)
.
2.For each boundary edge e ∈ Ebh, let K be the element having e as an edge, and K′ be an element sharing
an edge e′ ∈ Eih with K. Let e′′ denote the edge of K′ that does not intersect with e, and m, m′ and m′′ denote
the midpoints of the edges e, e′ and e′′, respectively. Then the value of Khq at the point m is
Khq(m) = 2Khq(m
′) − Khq(m′′).
m’
m”
m
K
K’
e
e’
e”
∂Ω
Due to the superconvergence result of the RT element in Theorem 3.1 and the special relation
between the RT element and the CR element [22], the superconvergence result of the CR element
for (3.1) can be improved from a half order to a full one order following the analysis in [14].
Theorem 3.2. Suppose that u ∈ H 72 (Ω,R) ∩H10(Ω,R) is the solution to (3.1), uCR is the solution to (3.3)
by the CR element on a uniform triangulation Th, and f ∈ W1,∞(Ω,R). It holds that
‖ ∇u − Kh∇huCR ‖0,Ω. h2(|u| 7
2 ,Ω
+ κ| ln h|1/2|u|2,∞,Ω + | f |1,∞,Ω).
Remark 3.1. As analyzed in [3], the vector KhΠRTσ is a higher order approximation of σ thanΠRTσ itself.
Thanks to the one order superconvergence result of theRT element inTheorem3.2 and the equivalence between
the RT element and the ECR element [13], a similar argument may prove a full one order superconvergence
result for the ECR element method of the Poisson problem (3.1).
4. Superconvergence for the HHJ element and theMorley element
Given f ∈ L2(Ω,R), the plate bending model problem finds uP ∈ H20(Ω,R) such that
(4.1) (∇2uP,∇2v) = ( f , v) for any v ∈ H20(Ω,R).
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Suppose S := symmetric R2×2. Given K ∈ Th and τ ∈ H1(K, S), let
τnn = n
Tτn
with the unit outnormal n of ∂K. Define the following two spaces
S :={τ ∈ L2(Ω, S) : τ|K ∈ H1(K, S) for any K ∈ Th,
and τnn is continuous across interior edges},
D :={v ∈ H10(Ω,R) : v|K ∈ H2(K,R) for any K ∈ Th}.
For any τ ∈ S and v ∈ D, define the bilinear form
〈divdivhτ, v〉 := −
∑
K∈Th
(
(τ,∇2v)L2(K) −
∫
∂K
τnn
∂v
∂n
ds
)
.
By introducing an auxiliary variable σP := ∇2uP, the mixed formulation of (4.1) seeks (σP, uP) ∈
S ×D, see [16],
(σP, τ) + 〈divdivhτ, uP〉 = 0 for any τ ∈ S,
〈divdivhσP, v〉 = (− f , v) for any v ∈ D.(4.2)
The Morley element method of (4.1) finds uM ∈M(Th) such that
(4.3) (∇2huM,∇2hv) = ( f , v) for any v ∈M(Th),
where the Morley element space is defined in [24] by
M(Th) :={v ∈ L2(Ω,R) : v|K ∈ P2(K) for each K ∈ Th, v is continuous at each
interior vertex and vanishes at each boundary vertex,
∫
e
[
∂v
∂n
] ds = 0
for all e ∈ Eih, and
∫
e
∂v
∂n
ds = 0 for all e ∈ Ebh}.
Introduce the first order HHJ element [16]:
HHJ(Th) :={τ ∈ S : τ|K ∈ P0(K, S) for any K ∈ Th},
UHHJ(Th) :={v ∈ H10(Ω,R) : v|K ∈ P1(K,R) for any K ∈ Th}.
The corresponding approximation to (4.2) finds (σHHJ, uHHJ) ∈ HHJ(Th) ×UHHJ(Th) such that
(σHHJ, τ) + 〈divdivhτ, uHHJ〉 = 0 for any τ ∈ HHJ(Th),
〈divdivhσHHJ, v〉 = (− f , v) for any v ∈ UHHJ(Th).(4.4)
4.1. Superconvergencec of the HHJ element. Introduce the interpolation operator ΠHHJ : S →
HHJ(Th) [6]:
(4.5)
∫
e
(ΠHHJτ)nnds =
∫
e
τnnds for all e ∈ Eh.
Moreover if τ ∈ H1(Ω, S), then
(4.6) ‖τ −ΠHHJτ‖0,Ω . h|τ|1,Ω.
Since v|K ∈ P1(K,R) for any v ∈ UHHJ(Th) and K ∈ Th, it holds that
〈divdivh(τ −ΠHHJτ), v〉 = 0 for any v ∈ UHHJ(Th).(4.7)
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Define the rigid motion space
RM =



c1 − c3x2
c2 + c3x1

∣∣∣∣c1, c2, c3 ∈ R

 .
The subsequent parts analyze the superconvergence of the HHJ element. The argument is
similar as in Section 3.2. As proved in [14, Lemma 5.1], it holds
(σHHJ − σP, σHHJ −ΠHHJσP) = 0.
Then, this leads to
(σHHJ −ΠHHJσP, σHHJ −ΠHHJσP) = (σHHJ −ΠHHJσP, σP −ΠHHJσP).
LetΨi ∈ P0(K, S), 1 ≤ i ≤ 3 denote the basis functions, i.e., (Ψi)fjf j = δi j, where {fi}3i=1 are the normal
vectors as shown in Figure 1. Then, the following decomposition holds:
(σHHJ −ΠHHJσP, σHHJ −ΠHHJσP) =
3∑
i=1
Ji,
where
Ji :=
∑
K∈Th
∫
K
(σHHJ −ΠHHJσP)fifiΨi : (σP −ΠHHJσP)dx.
For simplicity, only the sum J1 is considered here. Since (σHHJ − ΠHHJσP)f1f1 is continuous and
constant onNf1 , andΨ1 is constant onNf1 , the sum J1 can be rewritten as a sum over parallelogram
Nf1 and boundary triangles Kf1 :
|J1| ≤ |J11| + |J21|,
where
J11 =
∑
N f1
(σHHJ −ΠHHJσP)f1f1
∫
N f1
Ψ1 : (σP −ΠHHJσP)dx,
(4.8) J21 =
∑
K f1
∫
K f1
(σHHJ −ΠHHJσP)f1f1Ψ1 : (σP −ΠHHJσP)dx.
Theorem 5.3 of [14] has shown that
J11 . h
2‖σHHJ −ΠHHJσP‖0,Ω‖σP‖2,Ω.(4.9)
The estimate of J21 relies on the following two lemmas.
Lemma 4.1. [17, Theorem 5.2] Let Ω be simply connected. Given τh ∈ HHJ(Th), if 〈divdivhτh, vh〉 = 0
for any vh ∈ UHHJ(Th), then there exists a unique function φh ∈ (Sh)2/RM such that
τh = H
Tǫ(φh)H
with H =

0 −1
1 0

 and ǫ(φh) = (∇φh + (∇φh)T)/2.
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It follows from (4.2), (4.4) and (4.7) that
〈divdivh(σHHJ −ΠHHJσP), vh〉 = 0 for any vh ∈ UHHJ(Th).
Therefore, there exists φh ∈ (Sh)2/RM such that
(4.10) σHHJ −ΠHHJσP = HTǫ(φh)H.
Lemma 4.2. For any p = (p1, p2) ∈ P2b,Klp,Krp ∈ Kf1 , if τP ∈ S is linear on the patch ωp, then∫
Klp
(τP −ΠHHJτP) dx =
∫
Krp
(τP −ΠHHJτP) dx,
where P2b, Klp , Krp and Kf1 are defined in Section 3.2 as shown in Figure 1.
Proof. Recall some notations used in Lemma 3.3, namely, the centroid MKlp = (M
1
Klp
,M2
Klp
), the
vertices {pli}3i=1, and the edges {eli}3i=1 of element Klp, and those of element Krp byMKrp = (M1Krp ,M2Krp ),
{pri }3i=1 and {eri }3i=1. For edge eli, denote themidpoint, the unit outward normal vector and the tangent
vector bymli, n
l
i and t
l
i, respectively. And denote those of edge e
r
i bym
r
i , n
r
i and t
r
i , respectively. The
basis functions of the HHJ element on elements Klp and K
r
p are denoted by
ψli = t
l
i+1(t
l
i−1)
T
+ tli−1(t
l
i+1)
T
and
ψri = t
r
i+1(t
r
i−1)
T
+ tri−1(t
r
i+1)
T,
respectively.
Since τP = (τ
i j
P)
2
i, j=1 is linear on the patch ωp,
τP(x) = τP(p) + (x1 − p1)H1 + (x2 − p2)H2.
where H
i j
k =
∂
∂xk
τ
i j
P, i, j, k = 1, 2, and Hk = (H
i j
k )
2
i, j=1 are constant matrices. Thus,
τP(x) −ΠHHJτP(x) = (I −ΠHHJ)
(
(x1 −M1Klp )H1 + (x2 −M
2
Klp
)H2
)
.
The fact that ∫
Klp
(x −MKlp) dx = 0
leads to
(4.11)
∫
Klp
(
τP(x) −ΠHHJτP(x)
)
dx = −
∫
Klp
ΠHHJ
(
(x1 −M1Klp )H1 + (x2 −M
2
Klp
)H2
)
dx.
Note that Hk|Klp = Hk|Krp , k = 1, 2 and nli = nri , thus,
(nli)
THkn
l
i = (n
r
i )
THkn
r
i .
Since
∫
Klp
ψli dx =
∫
Krp
ψri dx andm
l
i −MKlp = mri −MKrp , these and (4.11) lead to∫
Klp
(τP −ΠHHJτP) dx =
∫
Krp
(τP −ΠHHJτP) dx,
which completes the proof. 
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Lemma 4.3. It holds that
J21 . h
2(|σP| 5
2
,Ω + κ| ln h|1/2|σP|1,∞,Ω)‖σHHJ −ΠHHJσP‖0,Ω.
Proof. Notations f1, tf1 , hf1 , p
1
tf1
, p2tf1
, Kf1 , P1b, P2b, Klp , Krp and Kf1 below are defined in Section 3.2 as
shown in Figure 1. A substitution of (4.10) into (4.8) shows that
J21 =
∑
Kf1
(HTǫ(φh)H)f1f1
∫
Kf1
Ψ1 : (σP −ΠHHJσP) dx.(4.12)
Since
(HTǫ(φh)H)fifi =
1
hf1
∫
ef1
∇(tf1 · φh) · tf1 dx =
tf1 · φh(p2tf1 ) − tf1 · φh(p
1
tf1
)
hf1
,(4.13)
this leads to
J21 .
∣∣∣∣ ∑
p∈P2
b
tf1 · φh(p)
hf1
( ∫
Klp
Ψ1 : (σP −ΠHHJσP) dx −
∫
Krp
Ψ1 : (σP −ΠHHJσP) dx
)∣∣∣∣
+
∑
p∈P1
b
∣∣∣ tf1 · φh(p)
hf1
∫
Kp
Ψ1 : (σP −ΠHHJσP) dx
∣∣∣.(4.14)
Lemma 4.2 and the Bramble-Hilbert lemma imply∣∣ ∫
Klp
Ψ1 : (σP −ΠHHJσP) dx −
∫
Krp
Ψ1 : (σP −ΠHHJσP) dx
∣∣ . h3|σP|2,ωp .(4.15)
A substitution of (4.15) and the Cauchy-Schwarz inequality into (4.14) yields
|J21| . h
(∑
p∈P2
b
‖φh‖20,ωp
)1/2(∑
p∈P2
b
|σP|2,ωp
)1/2
+ h2
(∑
p∈P1
b
‖φh‖20,∞,Kp
)1/2(∑
p∈P1
b
|σP|1,Kp
)1/2
(4.16)
. h‖φh‖0,∂hΩ|σP|2,∂hΩ + κh2‖φh‖0,∞,h|σP|1,∞,Ω.(4.17)
Similar arguments as in Lemma 3.4 conclude the proof. 
Similar arguments for the sums J2 and J3 prove a full one order superconvergence property for
the HHJ elements as follows.
Theorem 4.1. Suppose that (σP, uP) is the solution to the plate bending problem (4.1)with σP ∈ H 52 (Ω, S),
and (σHHJ, uHHJ) is the solution to (4.4) by the HHJ element on a uniform triangulation. It holds that
‖σHHJ −ΠHHJσP‖0,Ω . h2
(|σP| 5
2 ,Ω
+ κ|lnh|1/2|σP|1,∞,Ω
)
.
4.2. Superconvergence analysis of theMorley element. A full one order superconvergence result
for the Morley element follows from a special relation between the HHJ element and the Morley
element.
Given v ∈ H20(Ω,R)+M(Th), define the interpolation operatorΠD : H20(Ω,R)+M(Th) → UHHJ(Th)
by
ΠDv(z) = v(z) for each vertex z of Th.
Hence, introduce an auxiliary method: the modified Morley element finds u˜M ∈M(Th) such that
(4.18) (∇2hu˜M,∇2hv) = ( f ,ΠDv) for any v ∈M(Th).
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Arnold et al. [1] proved the following equivalence between the HHJ element and the modified
Morley element:
(4.19) σHHJ = ∇2hu˜M and uHHJ = ΠDu˜M,
and moreover,
(4.20) ‖∇2h(uM − u˜M)‖0,Ω . h2‖ f ‖0,Ω.
We consider the post-processing mechanism for the superconvergence of the Morley element as
in Section 3.3. For any given q ∈ HHJ(Th), Khq ∈ (CR(Th))2×2.
Based on the the special relation (4.19), the improved superconvergence result of the HHJ
element in Theorem 4.1 gives rise to a full one order superconvergence result of the Morley
element following the procedure in [14]. This superconvergence result improves the half order
result for the Morley element in [14].
Theorem 4.2. Suppose that uP ∈ H 72 (Ω,R) ∩H20(Ω,R) is the solution to (4.1), uM is the solution to (4.3)
by the Morley element on a uniform triangulation Th, and f ∈ W1,∞(Ω,R). It holds that
‖ ∇2uP − Kh∇2huM ‖0,Ω. h2(|uP| 72 ,Ω + κ| ln h|
1/2|uP|2,∞,Ω + | f |1,∞,Ω).
5. numerical examples
In this section, we present two numerical tests to confirm the theoretical superconvergence
analysis in the previous sections.
(0, 0) (1, 0)
(0, 1) (1, 1)
Figure 2. Square domain with uniform triangulations.
5.1. The Poisson problem. Suppose domain Ω is a square, see Figure 2. Consider the following
Poisson problem
−∆u = f in Ω
with u ∈ H10(Ω). The exact solution is
u(x1, x2) = sinπx1 sinπx2.
Table 1 shows that the post-processing error ‖∇u − Kh∇huCR‖0,Ω by the CR element is much
smaller than the error ‖∇u − ∇huCR‖0,Ω. The superconvergence of a full one order for the CR
element in Theorem 3.2 is also verified by the numerical results.
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Table 1. Convergence of the CR element solving (3.1)
Number of elements ‖∇u − ∇huCR‖0,Ω Rate ‖∇u − Kh∇huCR‖0,Ω Rate
8 × 4 6.4104E-01 2.2880E-01
16 × 8 3.2395E-01 0.9847 5.1669E-02 2.1467
32 × 16 1.6241E-01 0.9961 1.2286E-02 2.0723
64 × 32 8.1259E-02 0.9990 2.9936E-03 2.0370
128 × 64 4.0636E-02 0.9998 7.3852E-04 2.0192
256 × 128 2.0319E-02 0.9999 1.8337E-04 2.0098
(0, 0) (2, 0)
( 32 ,
√
3
2 ) (
7
2 ,
√
3
2 )
Figure 3. Parallelogram domain with uniform triangulations.
5.2. The plate bendingproblem. In this example, we validate the superconvergence of theMorely
element on the uniform parallelogrammeshes, see Figure 3. Consider the following plate bending
problem
∆
2uP = f in Ω
with uP ∈ H20(Ω). The exact solution is
uP(x1, x2) = (x1 −
√
3x2)
2(x1 −
√
3x2 − 2)2x22(
√
3
2
− x2)2.
We compare the error ‖∇2uP − ∇2huM‖0,Ω and the post-processing error ‖∇2uP − Kh∇2huM‖0,Ω by
the Morley element. The computational results in Table 2 reveal that the orders are similar to those
obtained in the Poisson problem by the CR element in the previous subsection, cf. Table 1. This
gives an indication of superconvergence on uniform parallelogram meshes as well, and coincides
with the theoretical results in Theorem 4.2.
References
[1] Douglas N Arnold and Franco Brezzi. Mixed and nonconforming finite element methods:
implementation, postprocessing and error estimates. ESAIM: Mathematical Modelling and
Numerical Analysis, 19(1):7–32, 1985.
[2] Randolph E Bank and Jinchao Xu. Asymptotically exact a posteriori error estimators, part i:
Grids with superconvergence. SIAM Journal on Numerical Analysis, 41(6):2294–2312, 2003.
[3] Jan H Brandts. Superconvergence and a posteriori error estimation for triangular mixed finite
elements. Numerische Mathematik, 68(3):311–324, 1994.
Optimal Superconvergence Analysis for the Crouzeix-Raviart and the Morley elements 15
Table 2. Convergence of the Morley element solving (4.1)
Number of elements ‖∇2uP − ∇2huM‖0,Ω Rate ‖∇2uP − Kh∇2huM‖0,Ω Rate
8 × 4 1.2599E+00 7.6681E-01
16 × 8 8.5516E-01 0.5591 2.7553E-01 1.4766
32 × 16 4.6008E-01 0.8943 7.3946E-02 1.8977
64 × 32 2.3428E-01 0.9736 1.8627E-02 1.9891
128 × 64 1.1768E-01 0.9934 4.6311E-03 2.0080
256 × 128 5.8909E-02 0.9983 1.1506E-03 2.0090
[4] Jan H Brandts. Superconvergence for triangular order k = 1 Raviart–Thomas mixed finite
elements and for triangular standard quadratic finite element methods. Applied Numerical
Mathematics, 34(1):39–58, 2000.
[5] Franco Brezzi. On the existence, uniqueness and approximation of saddle-point problems
arising from Lagrangian multipliers. Revue franc¸aise d’automatique, informatique, recherche
ope´rationnelle. Analyse nume´rique.
[6] Franco Brezzi and Pierre–Arnaud Raviart. Mixed finite element methods for 4th order elliptic
equations. 1976.
[7] Chuanmiao Chen and Yunqing Huang. High Accuracy Theory of Finite Element Methods.
1995.
[8] Hongsen Chen and Bo Li. Superconvergence analysis and error expansion for the Wilson
nonconforming finite element. Numerische Mathematik, 69(2):125–140, 2013.
[9] Michel Crouzeix and Pierre–Arnaud. Conforming and nonconforming finite element meth-
ods for solving the stationary stokes equations. Revue franc¸aise d’automatique informatique
recherche ope´rationnelle. Mathe´matique, 7(R3):33–75, 1973.
[10] Jim Douglas and Jean E Roberts. Global estimates for mixed methods for second order elliptic
problems. Mathematics of Computation, 44(169):39–52, 1985.
[11] Jim Douglas and Junping Wang. Superconvergence of mixed finite element methods on rect-
angular domains. Calcolo, 26(2-4):121–133, 1989.
[12] Ricardo Dura´n. Superconvergence for rectangular mixed finite elements. Numerische Math-
ematik, 58(1):287–298, 1990.
[13] Jun Hu and Rui Ma. The Enriched Crouzeix–Raviart elements are equivalent to the Raviart–
Thomas elements. Journal of Scientific Computing, 63(2):410–425, 2015.
[14] Jun Hu and Rui Ma. Superconvergence of both the Crouzeix-Raviart and Morley elements.
Numerische Mathematik, 132(3):491–509, 2016.
[15] Jun Hu and Zhong-Ci Shi. Constrained quadrilateral nonconforming rotated Q1 element.
Journal of Computational Mathematics, 23(6):561–586, 2005.
[16] Claes Johnson. On the convergence of a mixed finite-element method for plate bending prob-
lems. Numerische Mathematik, 21(1):43–62, 1973.
[17] Wolfgang Krendl, Katharina Rafetseder, and Walter Zulehner. A decomposition result for
biharmonic problemsand thehellan–herrmann–johnsonmethod. Electron. Trans.Numer.Anal,
45:257–282, 2016.
[18] Yuwen Li. Global superconvergence of the lowest order mixed finite element on mildly struc-
tured meshes. SIAM Journal on Numerical Analysis, 56(2):792–815, 2018.
16 Jun Hu, Limin Ma and Rui Ma
[19] Qun Lin, Lutz Tobiska, and Aihui Zhou. On the superconvergence of nonconforming low
order finite elementsapplied to the poisson equation. Ima Journal of Numerical Analysis, 25(1),
2005.
[20] Jacques Louis Lions and Enrico Magenes. Non-homogeneous boundary value problems and
applications. Lithos, 118(34):349–364, 1972.
[21] ShipengMao andZhong-ci Shi. High accuracy analysis of two nonconforming plate elements.
Numerische Mathematik, 111(3):407–443, 2009.
[22] Luisa Donatella Marini. An inexpensive method for the evaluation of the solution of the
lowest order Raviart-Thomas mixed method. Siam Journal on Numerical Analysis, 22(3):493–
496, 1985.
[23] Pingbin Ming, Zhong-ci Shi, and Yun Xu. Superconvergence studies of quadrilateral noncon-
forming rotatedQ1 elements. International Journal of Numerical Analysis Modeling, 3(3):322–
332, 2006.
[24] Leslie Sydney Dennis Morley. The triangular equilibrium element in the solution of plate
bending problems. The Aeronautical Quarterly, 19(2):149–169, 1968.
[25] Pierre–Arnaud Raviart and Jean–Marie Thomas. A mixed finite element method for second
order elliptic problems. Springer Berlin Heidelberg, (606):292–315, 1977.
LMAMandSchoolofMathematicalSciences, PekingUniversity, Beijing 100871, P. R.China. hujun@math.pku.edu.cn
DepartmentofMathematics, PennsylvaniaStateUniversity, UniversityPark, PA, 16802,USA.maliminpku@gmail.com
Institut fu¨rMathematik, Humboldt-Universita¨t zu Berlin, 10099 Berlin. maruipku@gmail.com
